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It has recently been argued that the intergenerational income elasticity (IGE) ubiquitously
estimated in the economic mobility literature should be replaced by the IGE of expected
income. This article derives an approximate closed-form expression for the probability
limit of the Poisson Pseudo-Maximum Likelihood (PPML) estimator of constant elastici-
ties and uses it to advance a generalized error-in-variables model for the estimation of the
latter IGE with short-run income measures. Empirical analyses with data from the Panel
Study of Income Dynamics offer clear support for the account of lifecycle and attenuation
biases the model provides. Together, the model and the associated empirical evidence sup-
ply a methodological justification for the estimation of the IGE of the expectation with the
PPML estimator and proxy income variables that satisfy some conditions. This eliminates
the main obstacle for making this IGE the workhorse elasticity of the economic mobility
field, which would (a) dissolve the selection-bias problem generated by the current expedi-
ent of dropping children with zero income from samples in order to make estimation of the
conventional IGE possible, and (b) greatly stimulate the study of gender and marriage dy-
namics in intergenerational processes, something that the reliance on the conventionally

estimated IGE essentially precludes.
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1. Introduction
The intergenerational elasticity (IGE) is the workhorse measure of intergenerational economic
mobility. It has been widely estimated over the last four decades, very often with the goal of

providing a summary assessment of the level of income or earnings mobility within a country



(for reviews, see Solon 1999:1778-1788; Corak 2006; Mitnik et al. 2018:9-15). Beyond this ele-
mentary goal, the IGE has been used, among other purposes, to conduct comparative analyses of
economic mobility and persistence across countries, regions, demographic groups, cohorts, and
time periods (e.g., Chadwick and Solon 2002; Hertz 2005, 2007; Aaronson and Mazumder 2008;
Bjorklund and Jantti 2000; Mayer and Lopoo 2008; Bloome and Western 2011); to examine the
relationship between cross-sectional economic inequality and mobility across generations (e.g.,
Corak 2013; Bloome 2016); and to theoretically model and empirically study the impact of social
policies and political institutions on the persistence of economic status (e.g., Solon 2004; Brats-
berg et al. 2007; Ichino et al. 2011; Landersg and Heckman 2017).

Despite the very central place that the IGE holds in the study of intergenerational mobil-
ity, Mitnik and Grusky (2019) have shown that this elasticity has been specified in a way that is
inconsistent with the various interpretations imposed on its estimates. While the IGE has been
construed as pertaining to the expectation of children’s income conditional on their parents’ in-
come—as apparent, for instance, in its archetypical interpretation as a measure of regression to
the (arithmetic) mean—in fact it pertains to the conditional geometric mean of the children’s in-
come. This not only invalidates the conventional interpretations of the IGE but, much more con-
sequentially, it also generates serious methodological problems. At their root, these are the result
of a simple fact, i.e., that the geometric mean is undefined for variables including zero in their
support. This fact markedly hampers the study of gender and marriage dynamics in intergenera-
tional processes, as it (a) makes it impossible to determine the extent to which parental economic
advantage is transmitted through the labor market among women, and (b) greatly hinders re-
search on the role that marriage plays in generating the observed levels of intergenerational per-
sistence in family income. Equally important, estimation of the IGE with the annual or other

short-run proxy income measures that are available is almost certainly affected by substantial se-



lection biases, which result from mobility scholars’ expedient of dropping children with zero in-
come from samples (to address what is perceived as the problem of the logarithm of zero being
undefined). This makes the (currently widespread) use of the IGE of sons’ individual earnings as
an index of economic persistence and mobility in a country a rather problematic practice.

Mitnik and Grusky (2019) have argued that these conceptual and methodological prob-
lems can be solved all at once by simply replacing the IGE of the geometric mean (the de facto
estimated IGE) by the IGE of the expectation (the IGE consistent with the interpretations ad-
vanced by mobility scholars) as the workhorse intergenerational elasticity. They have also called
for effectuating such replacement. Their call, however, confronts a key methodological obstacle.

IGEs are defined in terms of long-run income variables. However, such variables are very
rarely available. Over the last 40 years or so, a large body of knowledge on the lifecycle and at-
tenuation biases that may affect the estimation of the conventional IGE with short-run proxy in-
come measures, and the methodological strategies that may be used to avoid them, has accumu-
lated. A very central achievement in this regard is Haider and Solon’s (2006) generalized error-
in-variables (GEiV) model, which supplies the current methodological justification for the esti-
mation of the conventional IGE with proxy variables that satisfy some conditions (see Nybom
and Stuhler 2016 for an illuminating discussion). In stark contrast, the IGE of the expectation
was estimated for the first time by Mitnik et al. (2015), and there is very little methodological
knowledge regarding its estimation with short-run measures. In particular, there is nothing com-
parable to the GEiV model that would apply to the IGE of the expectation. As long as this is the
case, broad estimation of this IGE is unfeasible. In this article, | remove this key methodological
obstacle to estimating the IGE of the expectation with short-run proxy income variables.

Tackling this obstacle is made difficult by the lack of closed-form expressions for the
probability limits of the estimators of the IGE of the expectation, and by the fact that in nonlinear

models the bias induced by right-side measurement error may be in any direction. | deal with



these difficulties by deriving an approximate closed-form expression for the probability limit of
the Poisson Pseudo-Maximum Likelihood (PPML) estimator based on Taylor-series expansions,
and by relying on substantive knowledge to sign some key quantities in conducting proofs. This
allows me to advance a formal measurement-error model, the generalized error-in-variables
model for the estimation of the IGE of the expectation (or GEIVE model), which plays for the
IGE of the expectation the same role that the GEiV model plays for the conventional IGE. Fur-
ther, I empirically evaluate the GEiVE model with U.S. data from the Panel Study of Income
Dynamics (PSID). My results indicate that, when estimating the IGE of the expectation with
proxy measures, the observed lifecycle and attenuation biases are in close agreement with the
GEiVE model’s predictions. Equally important, the results provide evidence on the patterns and
magnitudes of lifecycle and attenuation biases that are relevant for the specification of estimation
strategies and the interpretation of results obtained with the same and with other data.

Similarly to what Haider and Solon’s (2006) GEiV model and the associated evidence
did for the estimation of the conventional IGE, the GEiVE model and the evidence | present here
supply a methodological justification for the estimation of the IGE of the expectation with proxy
income variables that satisfy some conditions. These are that the parental income measure is
based on several years of information—about 13 years in the case of survey data, almost cer-
tainly fewer years with administrative data—and that the income measures for both parents and
children are obtained when they are close to 40 years old. This eliminates the main obstacle for
the estimation of the IGE of the expectation with the data typically available and, therefore, for
replacing the conventionally estimated IGE by the IGE of the expectation.

The structure of the rest of the article is as follows. | start by explaining Mitnik and
Grusky’s (2019) proposal to redefine the IGE and the motivation behind it. Next, | summarize
the GEiV model, introduce the new GEiVE model, and present the empirical analyses. The last

section distills the article’s main conclusions. Mathematical proofs and supplementary materials



are collected in an Online Appendix.

2. The IGE of what? Redefining the workhorse intergenerational elasticity

As already indicated, while mobility scholars have interpreted the conventionally estimated IGE
as the elasticity of the expectation of children’s income or earnings conditional on parental in-
come (see textual evidence in Mitnik and Grusky 2019: Sec. Il), that IGE pertains in fact to the
conditional geometric mean. The standard population regression function (PRF) posited in the

literature, which assumes the elasticity is constant across levels of parental income, is:
E(InY |x) = By + B1 Inx, 1)

where Y is the child’s long-run income or earnings, X is long-run parental income or father’s
earnings, B, is the IGE as specified in the literature, and I use expressions like “Z|w” as a short-
hand for "Z|W = w” (where Z and W are any random variables). Due to Jensen’s inequality,
E(InY|x) # In E(Y|x) and the parameter S, is not, in the general case, the elasticity of the con-
ditional expectation of the child’s income. Instead, E(InY|x) = Inexp E(InY|x) = In GM(Y|x),
and Equation (1) is equivalent to

InGM(Y|x) = By + B1Inx, 2

where GM denotes the geometric mean operator. Therefore, S, is the elasticity of the conditional
geometric mean—that is, the percentage differential in the geometric mean of children’s long-
run income with respect to a marginal percentage differential in parental long-run income.*

As the geometric mean is undefined when an income distribution includes zero in its sup-
port, the IGE is undefined as well when this is the case. Mitnik and Grusky (2019: Sec. V) have
shown that this has very negative consequences for the study of gender and marriage dynamics

in intergenerational processes. First, because in many national-historical contexts a sizable share

! The parameter f3; is (also) the IGE of the expectation only when the error term satisfies very

special conditions (Santos Silva and Tenreyro 2006; Petersen 2017; Wooldridge 2002:17).



of women never join the (paid) labor force, the “zeros problem” makes it impossible to deter-
mine in those contexts the extent to which parental economic advantage—as measured by the
IGE of long-run family-income—is transmitted through the labor market among women, and
whether there are gender differences in this regard (as the relevant estimand, the IGE of daugh-
ters’ long-run earnings, is undefined). Second, the zeros problem greatly hinders research on the
role that marriage plays in generating the observed levels of intergenerational persistence in fam-
ily income. This is so because a measure that is central for this research—the IGE of the income
contributed by a spouse with respect to a child’s own parental income—is also undefined as long
as there are children that are single and spouses of married children that contribute no income.
The unwitting reliance of the mobility field on the IGE of the geometric mean also has
very negative consequences for the widespread practice of using the IGE of sons’ individual
earnings and (less frequently) of sons’ and daughters” family income as indices of economic per-
sistence and mobility in a country. Indeed, the IGE is defined in terms of long-run earnings and
family income, and it may be reasonable to assume, as an approximation, that these long-run
measures are positive rather than nonnegative.? But estimation is nevertheless adversely affected
by the ubiquitous need to use short-run measures of children’s economic status (e.g., sons’ earn-
ings in a particular year) as proxies for their unavailable long-run counterparts (e.g., sons’ aver-
age lifetime earnings). This is the case because the short-run measures almost always have a sub-
stantial probability mass at zero even when the corresponding long-run measures don’t. Assum-
ing that zero is not in the support of the annual or other short-run measures used for estimation is
never a reasonable approximation in the case of sons’ earnings (due to unemployment and other

forms of nonemployment), and it’s not a reasonable approximation in most cases—the potential

2 As conditions like severe physical disability, severe mental illness, and imprisonment affect
some children over their entire adult lives, strictly speaking zero is in the support of all measures

of children’s long-run income, including men’s earnings and men’s and women’s family income.



exception being countries with a highly developed welfare state—in the case of family income.
(For the prevalence of zero-income families in the United States, see Chetty et al. [2014: Online
Appendix Table IV].) As argued in detail by Mitnik and Grusky (2019: Sec. Il), dropping chil-
dren without earnings or income from samples (the near-universal expedient employed to ad-
dress this “short-run zeros problem”) generates substantial selection biases, and all approaches
that might be used to try to avoid those biases, including imputing “small values” to children
with zero earnings or income, are very unattractive due to a combination of methodological and
pragmatic reasons.

To address these problems, and similarly to what Santos Silva and Tenreyro (2006) did in
the field of international trade, Mitnik and Grusky (2019) have called for redefining the work-
horse measure of economic mobility. This entails replacing the PRF of Equation (1) by a PRF
whose estimation delivers estimates of the IGE of the expectation in the general case. Under the

assumption of constant elasticity, that PRF can be written as:
ME(Y|x) =ay+ a; Inx, 3)

whereY > 0,X > 0and a; = dInE(Y|x) /dInx is the percentage differential in the expecta-
tion of children’s long-run income with respect to a marginal percentage differential in parental
long-run income. Crucially, (a) all interpretations incorrectly applied to the conventional IGE are
correct or approximately correct under this formulation (Mitnik and Grusky 2019: Sec. V.A)
while an attractive additional interpretation in terms of inequality of opportunity (Mitnik et al.

2019) is also available, and (b) the IGE of the expectation is fully immune to the methodological

3 Zeros are much less of a problem for short-run parental measures, as (a) they typically are mul-
tiyear averages (more on this later), (b) parents with zero income for extended periods of time
are unlikely to be able to raise their kids themselves, and (c) there are good reasons to use as pa-

rental income the income of the family in which the child was raised (see, e.g., Hertz 2007:35).



problems affecting the IGE of the geometric mean just discussed and, in particular, is very well
suited for studying the role of marriage in the intergenerational transmission of advantage (see

Mitnik and Grusky 2019: Sec. V.B for details; and Mitnik et al. 2015:64-68 for an application).

3. The GEiV model
When actual measures of long-run income or earnings for parents and children are available,
Equation (1) may be consistently estimated by Ordinary Least Squares (OLS). However, such
measures are almost never available, only short-run proxy variables are. Estimating Equation (1)
by OLS after substituting the latter variables for the former opens the door to the two types of bi-
ases widely discussed in the literature. First, as income- and earnings-age profiles differ across
economic origins, lifecycle biases result from estimating the conventional IGE with proxy
measures taken when parents or children are too young or too old to represent lifetime differ-
ences well (e.g., Black and Devereux 2011). Second, in the case of the parental variables, and
even in the absence of any lifecycle bias, the combination of transitory fluctuations and measure-
ment error in the measure of short-run income (with respect to true short-run income) produce
substantial attenuation bias (e.g., Solon 1999; Mazumder 2005). The joint analysis of these bi-
ases is provided by the GEiV model (Haider and Solon 2006; see also Nybom and Stuhler 2016).
For the sake of simplicity, | assume that all children are from the same cohort. I start by

introducing the following population linear projections:
ant = AOC + /11t InY + Vt (4)
IS = Nok + N1 InX + Q, )

where Z; > 0 is children’s income at age t; Y > 0; A, + V; is the (additive) measurement error
in the logarithm of the short-run children’s variable as a measure of the logarithm of the corre-
sponding long-run variable when 4,; = 1; 4, captures left-hand lifecycle bias and thus may be

different from 1 and varies with t; S, > 0 is parents’ income at age k; X > 0; n¢, + Q is the



(additive) measurement error in the logarithm of the short-run parental variable as a measure of
the logarithm of the corresponding long-run variable when n,, = 1; and n,, captures right-hand
lifecycle bias and thus may be different from 1 and varies with parents’ age.*

The empirical assumptions of the GEiV model are the following. For any t and k:

Cov(InX,V,)) =0 (6)
Cov(InY,Qy) =0 (7)
Cov(V;, Q) =0 8

These assumptions are expected to hold imperfectly but still as good approximations, at least
when 1;; = ny, = 1. (To simplify the notation, in what follows | drop the subscripts t and k.)
Following Haider and Solon (2006), | present separate analyses of measurement error in
the left- and right-side variables of Equation (1). If instead of estimating the PRF of Equation (1),
one estimates by OLS a PRF in which In Z is substituted for In Y, or a PRF in which In S is sub-

stituted for In X, the probability limits of the slope coefficients are respectively:

5 _ Cov(InZlnX) _ Cov(V,InX)
ﬁl - Var(InX) - Al’Bl + Var(ln X) (9)
'gl _ Cov(InY,InS) _ By 1m1Var(InX)+Cov(Q,InY) (10)

Var(Ins) o Mm1)?var(nX)+var(Q)

Assuming Equation (6), it then follows from Equation (9) that 5, = 1,/3;, which leads to the con-
clusion that left-side measurement error is unproblematic for estimation as long as the measure-
ment age is among the “right points” of the child” lifecycle, i.e., as long as A; = 1. In contrast, /3,
will be affected by an upward (downward) bias if 1; > 1 (1; < 1). In turn, assuming Equation

(7), it follows from Equation (10) that

*1n the general case, the measurement errors are equal to Ay, + (4, — 1) InY + V, (chil-

dren) and o + (M1 — 1) In X + Q;, (parents).



by = by — Do (11)

2
M)+ a0

This equation shows that, as long as the parents’ age is among the “right points” of their parents’
lifecycle, i.e., as long as n; = 1, estimation with short-run proxies for long-run parental income
is affected by a textbook form of attenuation bias, whose size depends on the relative magnitudes
of Var(Q) and Var(In X) (i.e., on the size of what | later refer as the “variance ratio”). Values of
n, larger than 1 will tend to exacerbate attenuation bias whereas values smaller than 1 will tend
to reduce it—and, in fact, if n, is small enough, the result may even be amplification bias.

The GEiV model plays two main functions. First, it supplies the current methodological
justification for the estimation of the conventional IGE by OLS with proxy variables that satisfy
some conditions (Nybom and Stuhler 2016). Indeed, the GEiV model suggests that using income
measures pertaining to specific ages should eliminate the bulk of lifecycle bias—while the avail-
able evidence (which pertains to men) indicates that estimating IGEs with parents’ and children’s
information close to age 40 is the best approach (Haider and Solon 2006; Bohlmark and Lind-
quist 2006; Mazumder 2001; Nybom and Stuhler 2016). In the case of attenuation bias the GEiV
model, and many analyses predating it (e.g. Solon 1992), suggests pushing Var(Q) down by us-
ing a multiyear average of parents’ income or earnings, rather than an annual measure, as the
proxy measure S.° There is strong evidence that the bias can be substantially reduced if the aver-
age is computed over enough years but there is disagreement on how many years are necessary
to eliminate the bulk of it (see Mazumder 2005; Chetty et al. 2014: 1582 and Online Appendix E;
Mitnik et al. 2018: 9-15; Mazumder 2016).

The second function of the GEiV model is that it clearly identifies the various potential
sources of bias in OLS estimates of the conventional IGE, and therefore provides an analytical

framework to help investigate those biases with the very few datasets where long-run measures

% In some cases, a multiyear average of the logarithm of parental income has been used, which

implies that the geometric mean of parental income over those years is the proxy measure S.
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can be constructed. The model plays this function directly, as it points to values of 1, and n; not
close enough to 1, and Var(Q) not small enough, as sources of bias—which is what, explicitly
or implicitly, the mobility literature has traditionally stressed. But the model also plays its second
function indirectly, by virtue of being nested within a general expression—represented here by
Equations (9) and (10)—for the probability limit of the OLS estimator of the conventional IGE
with short-run variables. Thus, in contrast to the previous literature, Nybom and Stuhler (2016)
have stressed that bias may result from the assumptions of the GEiV model not holding up.

For future reference, it’s convenient to provide more details on the specific argument ad-
vanced by Nybom and Stuhler (2016:245-246). They argued that (a) the parameter A, only cap-
tures how differences in annual and lifetime income relate on average across children, (b) there
are good reasons to expect idiosyncratic deviations from this average relationship to correlate
within families or with parental income, and (c) as a result, we should not expect that
Cov(V,InX) = 0 when A; = 1, which in turn entails that estimation of the IGE when 1, = 1
would not (fully) eliminate left-side lifecycle bias. Their empirical analyses with Swedish data
are consistent with this argument, as when 1; = 1 (which happens when the children are about
35 years old) Cov(V,InX) < 0 and there is what we may call a “residual lifecycle bias” of

about — 20 percent.® | later refer to this argument as the “correlated deviations argument.”

4. The GEIVE model

After substituting short-run for long-run income measures in Equation (3), the IGE of the expec-
tation can be estimated using several approaches. These include Nonlinear Least Squares, Gener-
alized Method of Moments, and Pseudo-Maximum Likelihood (PML) based on a variety of dis-

tributions in the linear exponential family (e.g., Poisson, gamma).” Here | assume that estimation

¢ Nybom and Stuhler (2016) also found that lifecycle bias is very close to zero around age 40.
" PML estimators are consistent regardless of the actual distribution of the error term, provided

that the mean function is correctly specified (Gourieroux, Monfort, and Trognon 1984).
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is based on the PPML estimator employed by Minik et al. (2015; 2018; 2019) and Mitnik and
Grusky (2019), as there are good reasons to prefer it over other estimators of constant-elasticity
models (for these reasons, see Santos Silva and Tenreyro 2006, 2011).

What are the consequences of estimating the IGE of the expectation with the PPML esti-
mator, when short-run proxy variables are substituted for the unavailable long-run variables? To
answer, | advance here a measurement-error model aimed at playing for the IGE of the expecta-
tion the same role that the GEiV model has played for the estimation of the conventional IGE by
OLS. Developing this model requires addressing difficulties absent in the case of the conven-
tional IGE. First, a closed-form expression for the probability limit of the PPML estimator (or of
any other estimator that could be used) is unavailable. Second, in nonlinear models the bias in-
duced by right-side measurement error may be in any direction even when there is only one inde-
pendent variable and the error is classical and additive in form (Carroll et al. 2006: Sec. 3.6;
Schennach 2016). | address these difficulties by using the relevant population-moment condition
and Taylor-series expansions to derive an approximate closed-form expression for the probabil-
ity limit of the PPML estimator, and by relying on substantive knowledge (e.g., of the signs of
various covariances) to conduct proofs and to derive the model’s implications. This allows me to
determine the direction of all potential biases and the factors driving them.

| start by introducing the following population linear projections:
Zt = HOt + Hlt Y + WC (12)
In Sk = Mok + Tk InX + Pk' (13)

where Z, > 0;Y = 0; 6,; + W, is the (additive) measurement error in the children’s short-run
income variable as a measure of the corresponding long-run variable when 6,, = 1; 6,, captures
left-hand lifecycle bias and thus may be different from 1 and varies with t; and Equation [13] is
the same as Equation [5] but | have used a different notation for the parameters and the error

term because the populations covered by the two equations will be different as long as there are
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children whose short-run income is zero.® Indeed, unlike in the case of the GEiV model in which
Z. and Y are positive, in the GEIVE model Z, and Y are nonnegative. The reason is that, as the
left-side measurement error concerns the short-run income variable rather than its logarithm, the
model does not preclude it from being zero and children without any short-run income (e.g.,
those who are unemployed the year their incomes are measured) are included in all analyses.

The empirical assumptions of the GEiVE model are the following. For any t and k:

Cov(W,,InX) =0 (14)
Cov(P,,Y) =0 (15)
Cov(W,, P,) = 0. (16)

Like in the case of the GEiV model, these assumptions are expected to hold imperfectly but still
as good approximations, at least when 8,; = m;;, = 1. (As before, | omit in what follows the
subscripts t and k.)

The analyses of the GEiV model compare (a) the probability limit of the OLS estimator
of the conventional IGE with long-run income variables, with (b) the probability limit of the esti-
mator when short-run proxy variables are used instead. Conducting this comparison is unprob-
lematic, as it relies on the closed-form expression for the probability limit of the slope of an OLS
regression. Although the corresponding probability limit is not available in closed form in the
case of the IGE of the expectation, it’s easy to show that , (the probability limit of the PPML

estimator &) solves the population-moment condition

E(X*1InX) E(YInX)
E(X®1) ~  E(Y)

(17)

(Online Appendix, A). This suggests carrying out the analysis in terms of moment conditions.

8 In the general case, the measurement error for children is 8o, + (6, — 1) Y + W,. For parents,

it’s mo + P When my, = 1 and my, + (1, — 1) In X + Py in the general case.
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Although this is a feasible approach, it leads to long and convoluted proofs and makes the inter-
pretation of results less straightforward. For this reason, I resort to approximate closed-form ex-
pressions based on moment conditions rather than working with the conditions themselves.
Without any loss of generality, | assume in what follows that E(Z) = E(Y) = E(InS) =
E(InX) = 1.° An approximate expression for a; can be obtained by replacing the expectations
on the left-hand side of Equation (17) by second-order Taylor-series approximations, and then

solving the quadratic polynomial on a; that results. This yields (Online Appendix, A):

1

&~ Coy = [(Car)” = Vo | (18)

where C,, = [Cov(Y,InX)]™%, V,, = 2 [Var(nX)]2, (C4,)" > Vi, day /8Cov(Y,InX ) > 0,
and da, /0 Var(InX) < 0.
For simplicity, and as Haider and Solon (2006) did, I next consider left- and right-side

biases separately. Substituting Z for Y in Equation (3) yields the PRFIn E(Z|x) = &, + @, In X.
The probability limit of the PPML estimator, &, is

~ 2 2

& ~ Ca, — [(Ca) = Vo | (19)
where

1 1
C, = = 2
“t Cov(Z,InX) 6,Cov(Y,InX)+ Cov(W,InX)

(Cal)2 >V, 08, /Cov(Y,InX) > 0, 8& /0 Cov(W, InX) >0, 9&,/96, > 0, and
dd,/0Var(InX) < 0.
Equation (19) is the counterpart to Equation (9). The former equation identifies for the

IGE of the expectation, as the latter does for the conventional IGE, the factors that may generate

® This entails no loss of generality because it can always be achieved by changing the monetary
units used to measure income, i.e., by dividing the children’s income variable by its mean and

the parental income variable by the exponential of the mean of its logarithmic values minus 1.
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left-side bias—and, in fact, together with Equation (18) it offers a full characterization of the re-
lationship between a; and &,, while Equation (9) ignores selection bias (which is generated by
the expedient of dropping children with zero short-run income) and thus fails to do the same for
the relationship between £; and B;. In particular, Equation (19) shows that lifecycle bias is fully
eliminated if 8, = 1 and Cov(W,In X) = 0. Indeed, comparing this equation with Equation (18)
indicates that &; and «, are approximated by the same Taylor-series-based expression when
those conditions hold. Therefore, under the GEiVE model’s empirical assumption specified by
Equation (14)—and in strict analogy with what the GEiV model entails for the conventional
IGE—it follows from Equation (19) that (the bulk of) left-side lifecycle bias will be eliminated
as long as the measurement age is among the “right points” of the children’s lifecycle, i.e., as
long as 6, = 1. Further, given that income-age profiles vary across people with different levels
of human capital and that the latter are strongly associated to parental income, we expect 6, to be
smaller than 1 when the children are younger and larger than 1 when they are older. Hence, as
dd, /06, >0, we also expect that estimation with measures pertaining to when the children are
too young (too old) will lead to underestimation (overestimation) of the IGE of the expectation,
which is again similar to what the GEiV model entails for the conventional IGE (see the Online
Appendix, B, for additional comments and for proofs for claims in the last two paragraphs).
Moving to the right side, substituting S for X in Equation (3) yields the PRF In E(Y|s) =

& + & In S. The probability limit of the PPML estimator, &, is (Online Appendix, C)
1

C\fl ~ Cél - [(Cdl)z - Val]z, (20)

where

Cz, = [Cov(Y,InS)]™! = [y Cov(Y,InX ) + Cov(Y,P)] !
Ve, = 2 [Var(in$)]™* = 2 {Var(n X)[(m,)* + VR]} Y,

VR = Var(P)/Var(In X) is the “variance ratio,” (Cﬁl)z > Vy,, 8d;/Cov(Y,InX) >0,
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dd,/Cov(Y,P)>0,0d,/0Var(InX) <0, d&,;/0 VR < 0, and 0@, /dm,; < 0 (the latter under
some conditions specified below). Further, under the GEiVE model’s empirical assumption spec-
ified by Equation (15), C, reduces to

Cz, = [my Cov(Y,InX )] ™.

Equation (20) is the counterpart to Equations (10) and (11). Similarly to what Equation
(10) does for the conventional IGE, Equation (20) identifies the various right-side factors that
may jointly affect estimation of the IGE of the expectation with short-run measures of parental
income. Likewise, it indicates—as does Equation (11) in the case of the conventional IGE—that
even when Equation (15) holds, estimation of the IGE of the expectation with short-run measures
of parental income is still compatible with both attenuation and amplification bias, as (7;)? +
VR may be larger or smaller than 1 when ; < 1.

There is evidence (e.g., Mazumder 2001; Mazumder 2005) that Var(P) follows an asym-
metric U pattern, reaching its minimum value close to age 40 and increasing significantly as par-
ents get older; the variance ratio can be expected to exhibit the same pattern. In addition, for the
same reason as in the left-side analysis, we expect m; to be smaller than 1 when the parents are
younger and larger than 1 when they are older. As d&; /dVR <0 and a sufficient condition for
dda,/ 0m,< 0 is that i is not too small and VR < 1, estimation with measures pertaining to when
the parents are “too old” should lead to underestimating the IGE of the expectation whereas
measures pertaining to when they are “too young” may lead to over or underestimating it, de-
pending on the values of VR and m;. All this is, again, exactly as in the case of the GEiV model.

Crucially, estimation with short-run proxies for long-run parental income will be affected
by attenuation bias when 7; ~ 1. Indeed, when this equality holds exactly, Cz, = C,, and Vg,
becomes:

Vg, = 2 {Var(InX)[1 + VR]} ™.

Therefore ¢&¢; < a; and there is attenuation bias, with the magnitude of the bias determined by
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the size of the variance ratio (see Online Appendix, C, for additional comments and for proofs
for claims in the last four paragraphs).

The GEIVE model plays for the IGE of the expectation the same functions that the GEiV
model plays for the conventional IGE. First, together with the “nesting equations,” i.e., Equa-
tions (19) and (20), it identifies the various potential sources of bias in estimates of the IGE of
the expectation with the PPML estimator and supplies an analytical framework to help investi-
gate those biases. Second, it provides a methodological justification for estimating the IGE of the
expectation with proxy variables that satisfy some conditions. With regards to attenuation bias,
the GEiIVE model suggests using averages of parental income or earnings over several years, ra-
ther than annual measures, so as to reduce Var(P) as much as possible (thus providing an IGE-
of-the-expectation counterpart to the approach most often used with the conventional IGE). To
minimize lifecycle biases, the GEiVE model suggests using measures of children’s and parents’

economic status pertaining to ages in which 8; = 1 and ; =~ 1, respectively.
5. Empirical analyses

5.1 Data and estimation

The empirical analyses of this section are based on two different PSID samples. The first sample
is geared towards (a) studying the patterns and magnitudes of left-side lifecycle biases that result
when estimation relies on short-run variables, and (b) testing the GEiVE model’s account of
those biases. These goals require obtaining IGE estimates based on measures of children’s long-
run income. In line with this requirement, this sample includes information on children born be-

tween 1952 and 1960 and still present in the PSID at age 56.1° The observations in this sample

10 The PSID collects income information referring to the calendar year prior to the survey. Un-

less I indicate otherwise, I always refer to “income years” rather than “survey years.” The PSID
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are children-years pertaining to when the children were 24-56 years old. I use information on
children’s family income (as adults) and on sons’ individual earnings in all years they are availa-
ble, and on parents’ average family income and age when the children were 13-20 years old. |
construct approximate long-run measures by averaging the children’s income and earnings infor-
mation across all available years. 1?

The second sample is geared towards (a) studying the patterns and magnitudes of right-
side lifecycle and attenuation biases that result when estimation relies on short-run variables, and
(b) testing the GEiVE model’s account of those biases. These goals require estimating the IGE of
the expectation with long-run measures of parental income. In accordance with this requirement,
the sample includes information on children born between 1966 and 1975, for which 25 years of
parental data—when the children were between 1 and 25 years old—are available. The observa-
tions in this sample are children-years covering the periods in which the children from each co-
hort were 36-41 years old. I use information on children’s family income (as adults) and sons’
individual earnings, and on parents’ average family income and age when the children were 1-25
years old. | use the latter to construct approximate measures of long-run parental income.

Table 1 presents descriptive statistics for both samples. Section D of the Online Appendix
provides more details on the samples and variables, and explains the approach used to address
the problems generated by the PSID’s switch to biannual data collection in survey year 1997.

| estimate the IGE of the expectation with the PPML estimator and employ sampling

switched to biannual data collection in survey year 1997. For cohorts that became 56 years old in
years in which data are not available, I require that the children be present in the PSID at age 55.
1 The analyses exclude children with fewer than 12 years of income or earnings (as relevant).
12 For the 1953 and 1952 cohorts, parental information refers to when the children were 14-20

and 15-20 years old, respectively, rather than 13-20 years old.

18



Table 1: Descriptive Statistics (weighted values)

Sample I: Birth cohorts 1952-1960 Sample II: Birth cohorts 1966-1975
All Sons All Sons

Child's gender (% female) 49.1 48.5
Child's age

Mean 40.4 40.5 385 38.5

Standard deviation 9.5 94 1.7 1.7
Child's family income

Mean 99,885 105,010

Standard deviation 117,067 94,038
Child's earnings

Mean 66,082 71,044

Standard deviation 80,360 70,434
Average parental age

Mean 459 46 40.2 40.2

Standard deviation 6.8 7.0 6 5.8
Average parental income

Mean 91,115 89,229 87.362 84,465

Standard deviation 64,915 53,471 64,666 55,043
Number of children-years 32,204 14,992 5,554 2,514
Number of children 1,059 498 941 428

Monetary values are in 2012 dollars (adjusted by inflation using the Consumer Price Index for Urban Consumers -
Research Series). In the first sample, average parental income and age pertain to when the children were 13-20 ye-
ars old for all cohorts but the 1952 and 1953 cohorts, for which they pertain to when the children were 15-20 and
14-20 years old, respectively. Children's family income and sons' earnings pertain to when they were 26-55 years
old. In the second sample, average parental income and age pertain to when the children were 1-25 years old, whi-

le children's family income and sons' earnings pertain to when they were 36-41 years old.

weights and compute cluster-corrected robust standard errors in all cases. As the relationship be-
tween long-run and short-run measures of income and earnings varies with the age at measure-
ment (both for parents and children), it’s customary to include polynomials on children’s and
parents’ ages as controls when estimation is based on short-run measures. However, as all IGE
estimates based on such measures pertain to samples in which the variation in children’s ages is

quite small, controlling for their age is unnecessary. Mitnik et al. (2015:34) have argued that the
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age at which parents have their children is not exogenous to their income, that parents’ age is
causally relevant for their children’s life chances, and that insofar as we want persistence
measures to reflect the gross association between parental and children’s income we should not
control for parental age. Here | present estimates from models without such controls but esti-
mates from models that do include them are very similar (see the Online Appendix, E).

5.2. Left-side lifecycle bias

Figures 1 and 2 present evidence on left-side lifecycle biases, and its determinants, for the IGEs
of expected family income and earnings (in the case of earnings | focus on sons, as is custom-
ary). In these figures, the long-run IGE is the IGE of the approximate long-run family income of
children (Figure 1) or long-run earnings of sons (Figure 2) with respect to average parental in-
come when the children were 13-20 years old. For the purposes of the analysis here, the latter in-
come is assumed to be a measure of long-run parental income. Given that the parental measure is
based on nine years of information, the estimated IGE values of 0.49 (family income) and 0.41
(earnings) are almost certainly affected by right-side attenuation bias (see evidence below). But
given that | use the same measure of parental income to compute long-run and short-run IGEs
(i.e., IGEs based on the long-run and the short-run measures of children’s income or earnings,
respectively), it’s still possible to draw conclusions regarding left-side lifecycle bias.

The figures include four panels. In each of these panels, estimation is based on different
sets of subsamples. In the upper-left panel of each figure, the subsamples only include children-
income observations pertaining to the exact age indicated in the horizontal axis. In the other three
panels estimates are based on progressively larger samples, which include observations pertain-
ing to three-, five-, and seven-year intervals centered on the target age. As more observations are
included in the subsamples, short-run point estimates are less affected by sampling variability
and the age-profile of the left-side lifecycle bias becomes progressively clearer.

The middle curves in the four panels of Figures 1 and 2 show the relationship between
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short-run IGEs and children’s ages.'® Estimates vary markedly with the age at which children’s
incomes and sons’ earnings are observed, ranging from 0.27 to 0.60 in the case of family income
and from 0.24 to 0.54 in the case of earnings; the values covered by each of these ranges entail
very different levels of economic persistence. The shapes of the curves are consistent with ex-
pectations. For both income and earnings, short-run IGEs based on children’s information from
their mid-twenties greatly underestimate the long-run IGE, while the downward bias decreases
steadily as the information is from closer to their late thirties. IGEs based on information pertain-
ing to their late thirties and early forties appear nearly free of lifecycle bias, while those based on
information past age 45 are affected by progressively larger upward biases (the latter is clear in
the case of family income but less so with the much noisier earnings results, which are based on
a sample that is only half as large); the biases at older ages, however, are comparatively smaller
than those at younger ages, as evidenced by the fact that the curves are substantially steeper be-
fore age 36 than after age 45. Lastly, comparing the four panels within each figure indicates that,
at least with small samples like those employed here, short-run estimates based on one year of
children’s information may be affected by relatively large upward or downward biases even
when that information is obtained close to age 40, and that these biases can be reduced substan-
tially, if not eliminated, by combining income information from a few years around that age.*
The top curve in each panel of Figures 1 and 2 shows how 6, changes with the children’s
age. The parameter increases with age up to their late forties or early fifties, at which point the

curves turn downward. As expected, the values of 8, are much smaller than 1 when the children

13 The estimates underlying the curves (and standard errors) as well as additional estimates from
models with controls for parental age can be found in Tables E1 and E2 in the Online Appendix.
14 A similar point was made by Nybom and Stuhler (2016:264) for the conventional IGE. They

suggested averaging children’s income information across years (within children), which can be

expected to have the same effect as pooling years of information into one sample (as | do here).
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are younger and much larger than 1 when they are older (up to their early or mid-fifties). The pa-
rameter is equal to 1 close to ages 39-40 (family income) and 37 (earnings). The GEiVE model
predicts that at 8; = 1 the short-run IGE will be approximately equal to the long-run IGE, and
that the former will tend to be smaller (larger) than the latter when 68, < 1 (6, > 1). The predic-
tion that the bulk of left-side lifecycle bias will disappear when 8, = 1 is derived under the falli-
ble assumption that Cov(W, X) = 0 at that value of 8,. Moreover, Nybom and Stuhler’s (2016)
correlated-deviations argument also applies (mutatis mutandis) in the present context, thus
providing a positive reason to doubt the appropriateness of that assumption. The assumption nev-
ertheless holds with a high degree of approximation, as indicated by the bottom curves in all four
panels of the figures; these curves show that when 8; = 1, Corr(exp(W), X) is very close to
zero in all cases.® As a result, the residual lifecycle biases when 8, = 1 are in the -6 to -7 per-
cent range for family income and in the -6 to -8 percent range for earnings (in both cases sub-
stantially less, in absolute value, than the residual bias of -20 percent reported by Nybom and
Stuhler for the IGE of the geometric mean). The figures also show that when 6; < 1 the short-
run IGEs tend to underestimate the long-run IGE whereas the opposite happens when 6, > 1, as
expected. Importantly, short-run IGE estimates at ages in which 8, is somewhat larger or smaller
than 1 also exhibit small lifecycle biases. This is important from a practical point of view, as it
suggests that IGE estimates based on measures of children’s income or earnings obtained close
to age 40 will exhibit a small amount of bias even if 8, is not exactly 1 (of course, provided that
the samples are large enough).

5.3. Right-side biases

Figure 3 presents evidence on right-side lifecycle bias and its determinants, for the IGE of chil-
dren’s family income (left panel) and sons’ earnings (right panel). In this figure, the long-run

IGEs are computed with children’s income information for ages 36-41 and the approximate long-

15 | substituted the correlation for the covariance for scaling purposes.

24



BAI} UO paseq ale s39| uni-uoys “(pjo sJeek z-| sieym usipjiyd Jey; usym o} Bu

‘uonewlolu| [ejusied jo siesk

lepad uonewdou siusied yum peindwos s39)| ey Ag pejewixoidde se) s39| uni-Buo| ey jo sen|

-BA 8)e2IpUI saul| [ejucziioy Aeib-lexlep syl (uonejodisiul Aq paindwod) | = ‘1L yaiym Je ssbe sy a1edipul saul [eausA syl “siduwes ayy ul sjualed sy jo sbe sbelane au si sixe |eju
-ozuoy sy sabe asoy; 1e sbuiwies suos Jo 39| ay} o} sulenad ybu ay; uo |jaued ay} aIUM ‘plo sieak Lp-9¢ alam syl usym awoaul Kjiwe) s,usipliya 1o 39| ay1 o} sulepad Y| ay; uo
Joued ay] "painsesl slam SSLWOIUI JIay} salwi) sy} e abe sjusled syl pue ‘onel sauelea sy ‘(A'd)loD UL ‘s3] unl-Buo| pue -Uoys sy ussmiaqg diysuone|al ay; smoys ainbiy sy

abe abelane sjualed

abe abelane susied

£9 08 g vy i3 88 e e 62 £5 05 g 144 54 8E e zZe 62
(A'd)uoD
\I.I\l{ll/.lllln\\lllfllnrl.l.llllllu\.\ ] \.\nl]lll|l|l.1\\l...-fr|frl|1|||||...lllll\\
(A'd)uod
oNel 3ueLEN
0lel IUBLESA, \|\|/
} 39| un-pous
39 unruous B —

f..l/l\.\\

39| uni-fuo

H

sBuiules suog

L =1 yaym e aby

L

39| uru-Buo

L =1 yaym ie by

swooul Ajiwe; s,usipiyo

awlooul payoadxe Jo J9| 8y} Jo uolewli}se sy} Ul seiq a]oA29)l| apis-1ybiy ¢ ainbi

ek

25



run parental income. The evidence discussed in the previous subsection provides a good reason
for expecting these estimates to be unaffected by left-side lifecycle bias, even though they are
based on short-run measures of children’s income and earnings. In each panel, the second curve
from the top shows the relationship between short-run IGEs, estimated with parental-income
measures based on five years of information, and parental age.'® The estimates vary significantly
across ages, covering the ranges 0.42-0.56 (family income) and 0.48-0.70 (earnings). The loca-
tion and shape of the short-run IGE curves are consistent with expectations. In the case of family
income, the IGE curve first rises with age, up to age 34, and then decreases nearly monotonically
up to age 50. In the case of earnings, the IGE estimates do not vary as much up to age 44 but fall
very rapidly after that. Each curve is always below the long-run IGE line, reflecting the attenua-
tion effect associated to using five years of parental information. Nevertheless, in the case of
family income the bias is close to nil around age 34. This suggests that amplification bias—men-
tioned as a theoretical possibility when | presented the GEiVE model—may in fact occur at
young ages if the parental income measure is based on more than five years of information. This
is in fact the case (see Tables E3 and E4 in the Online Appendix), but the biases are quite small.
As expected, the m; curves increase with parental age while the variance-ratio curves ex-
hibit an asymmetric-U shape. As Corr(P,Y) is close to zero at all parental ages, the amount of
lifecycle bias we observe at each age is mostly determined by mr; and the variance ratio. Alt-
hough the interaction between these two factors may lead to different shapes for the short-run
IGE curve—as illustrated by the family-income and earnings IGE curves in Figure 3—the fact
that 7r; and the variance ratio both increase when the parents are older suggests that, typically,

IGE estimates will fall markedly when parental income pertains to older ages. The evidence in

16 The estimates underlying the curves (and standard errors) as well as additional estimates gen-
erated with measures of parental income based on 1 to 25 years of information (at various paren-

tal ages) can be found in Tables A3 and A4 in the Online Appendix.
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the figure suggests that this is indeed the case.

The GEIVE model entails that when r; = 1, the short-run IGEs will be necessarily af-
fected by attenuation bias. This prediction is derived under the fallible assumption that
Cov(P,Y) = 0 at that value of m;. The prediction is confirmed in Figure 3, where m; = 1 close
to age 37 for both income measures. However, this fact is not particularly informative, as all
short-run estimates in the figure are affected by attenuation bias, regardless of parental age. As
indicated above, this is not necessarily the case when measures based on more years of infor-
mation are employed, which therefore provide a stronger test. Results included in Table 2, which
are discussed below, show that IGE estimates are always affected by attenuation bias when m; =
1, regardless of the number of years

The standard approach utilized to assess the extent of attenuation bias that results from
the use of short-run parental income, and to ascertain how many years of parental information
are needed to eliminate the bulk of that bias, involves (a) estimating the IGE with parental-in-
come measures based on progressively more years of information centered at age 40 (or some
other fixed age), and (b) comparing these short-run estimates with the corresponding long-run
estimate or, much more commonly, to an asymptotic IGE value extrapolated from the pattern of
the short-run estimates.!’ This is a useful approach, but it has one limitation: As the age at which
m; = 1 may be different from 40 and may vary with the number of years of information used to
compute parental income, the measured attenuation bias most likely reflects not only the effect
of the years of information but also a “lifecycle effect,” i.e., the effect of 7, being different from
1. An alternative approach, which isolates the effect of adding additional years of information

and which can only be implemented when a long-run measure of parental income is available, is

17 Reliance on an asymptotic value is implicit in arguments along the lines that the fact that the
differences between IGE estimates based on n, n + 1 and n + 2 years of information are small

and decreasing means that n + 2 years are enough to eliminate the bulk of attenuation bias.
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to keep m; fixed at 1 (rather than fixing the parents’ age).

Figure 4 and Table 2, which present the results obtained under both approaches, provide
clear evidence on the patterns and magnitudes of attenuation bias in the estimation of the IGE of
the expectation. The panels on the left of the figure show how the estimates of the family-income
IGE (top panel) and earnings IGE (bottom panel) change as more years of information are used,
while the panels on the right show the corresponding values of the variance ratio. Table 2 dis-
plays the magnitudes of the attenuation biases, expressed as percentages, and the values of m;
under the first approach and of parental age under the second.

With one year of parental information Var(P) is larger than Var(In X) under both ap-
proaches, and the variance ratios are very substantial in magnitude. Partly for this reason, the at-
tenuation bias is nearly 47 percent (family income) and 55 percent (earnings) under the standard
approach. However, these biases also reflect substantial lifecycle effects, as with one year of in-
formation the values of m; at age 40 are significantly larger than 1. The biases fall to about 26
percent (family income) and 28 percent (earnings) with the alternative approach (as m, is equal
to 1 around age 35 rather than 40).

Assessing the magnitude of attenuation biases when parental income measures are based
on three and on five years of information is important, as empirical research is quite often based
on such measures. There is a very large fall in the variance ratios, and a substantial shrinkage of
the values of r; towards 1 (of course, only under the standard approach), when three years of in-
formation are used instead of one year; moreover, the variance ratio is always substantially
smaller than 1 if at least three years are employed, and decreases steadily as more years of infor-
mation are added, under both approaches. The large fall in the variance ratio when moving from
one to three years of information, together with the concomitant shift of ; towards 1 under the
standard approach, translate into a large increase in IGE estimates (and is accompanied by a

large reduction in the differences in results across approaches). Nevertheless, with three years of
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information the attenuation bias is still about 19 percent under the standard approach and about
14 percent under the alternative approach. With five years of information, attenuation bias is
about 15 percent with the former approach and about 10 percent with the latter approach.

As indicated earlier, the issue of how many years of parental information are needed to
eliminate the bulk of attenuation bias has been a central concern in the literature (e.g., Mazumder
2005; 2016). Stipulating that this happens when attenuation bias approaches five percent, the re-
sults of Table 2 suggests that, in the case of the IGE of the expectation, achieving this goal with
survey data requires using about 13 years of parental information.

It is very likely, however, that fewer years of information are needed with tax and other
administrative data, as Chetty et al. (2014) claimed to be the case for the conventional IGE. One
reason is that administrative data may be less affected by measurement error (i.e., Var(P) may
be smaller with these data). Another reason, which does not seem to have been discussed previ-
ously in the literature, is that tax-based data cover much better than survey data the right tail of
income distributions (Fixler and Johnson 2014). Therefore, we can safely expect Var(In X) to be

significantly larger with the former than with the latter data.

6. Conclusions

The IGE estimated in the mobility literature has been misinterpreted as pertaining to the expecta-
tion of children’s income when it actually pertains to its geometric mean. Moreover, the (im-
plicit) reliance on the geometric mean to index conditional income distributions makes studying
gender and marriage dynamics in intergenerational processes a very difficult enterprise and leads
to IGE estimates affected by substantial selection biases. For these reasons, Mitnik and Grusky
(2019) have called for replacing the conventional IGE by the IGE of the expectation. To make
this possible, mobility scholars need to have available a measurement-error model that plays for
the estimation of the IGE of the expectation the role that Haider and Solon’s (2006) GEIV model

has played for the estimation of the conventional IGE.
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After deriving an approximate closed-form expression for the probability limit of the
PPML estimator—something that may be useful beyond the context of the current article—I
have advanced here the needed formal model, that is, a generalized error-in-variables model for
the estimation of the IGE of the expectation with short-run income variables. The GEIVE model
provides a joint analysis of the biases that may affect estimation of the IGE of the expectation
with short-run income measures and supplies a methodological justification for the estimation of
that IGE with the PPML estimator and proxy variables that satisfy some conditions.

The results of the empirical analyses with PSID data offer strong support for the account
of lifecycle and attenuation biases provided by the GEiVE model. They also indicate that the
strategy most commonly employed to estimate the conventional IGE by OLS—using a multiyear
measure of parental income centered around age 40 and a measure of children’s income obtained
around that age—also works well for estimating the IGE of the expectation with the PPML esti-
mator. Further, the results suggests that—at least with survey data, and similarly to what has
been reported for the conventional IGE (Mazumder 2016: Tables 1 and 2)—estimates of the IGE
of the expectation with parental measures based on three to five years of information—that is,
the measures often used by mobility scholars—would be affected by substantial attenuation bi-
ases. In fact, it appears that at least 13 years of data are needed to eliminate the bulk of that bias.

Our methodological knowledge regarding the estimation of the IGE of the expectation
with short-run proxy measures needs to be developed further, and in several directions. Never-
theless, it seems appropriate to conclude that the measurement-error model and the associated
evidence presented in this article eliminate the main obstacle for making the IGE of the expecta-
tion the workhorse elasticity of the economic mobility field, which would in turn dissolve the se-
lection-bias problem and greatly stimulate the study of gender and marriage dynamics in inter-

generational processes.
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